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Nomenclature

E = Young’s modulus of elasticity

H = torsional moment

h = shell thickness

L, = longitudinal length and lateral span

M,M, = bending moments in z and s directions

@,Q: = normal shear forces corresponding to x and s direc-
tions ’

R = R(¢p) = R(s) = radius of curvature of the profile

Ry = R(0) = nonzero, finite value of R at crown s = 0

T = 0, 1, 2, 3 = roots of the indicial equation

8 = tangential shear force

8,2 = natural coordinates along directrix and generator

T, Ty = normalforcesin x and s directions

upw = displacement components in «, s and normal directions

A(C ) = 22( )/o¢t + 02( )/d%* = Laplace operator

7 = §/Ry, ¢ = z/Ry = nondimensional coordinates

An = nwRo/L, un? = Np-p?, u? = Ry[12(I — »2)]V2/h

v = Poisson’s coefficient

p = p(y) = R/R, = transformed radius of curvature

3 = ®(¢n) = stress function

¢ = apgle included between Ry and R

b2 = ¥({,n) = complex stress-displacement function

Subscript

( )m = forces, displacement components with reference to
homogeneous moment problem

Superscripts

( » = forces, displacement components with reference to
membrane problem

()@ = ok )/onk

() = Re( )

(7) = 1m( )

(") = complex quantity

I. Introduction

OVOZHILOV?! and Vafakos, Romano, and Kempner?
studied the problem of analysis of closed nonecircular
cylindrical shells. Griining?® developed a practical numerical
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Fig. 1 Profiles of cycloidal and circular eylindrical shells.
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method of integration of the governing equation of open
noncircular cylindrical shells of short length in the complex
form of Novozhilov.! In the present Note an analytical
method of analysis of open noneircular cylindrical shells of
short length simply supported at the curvilinear ends { = 0
and { = L/R, and having arbitrary boundary conditions
along straight edges is developed. Accepting membrane
solution of the cylindrical shell for the given surface loading
as the particular solution! of the nonhomogeneous moment

‘problem of the cylindrical shell, solution of the homogeneous

moment problem (i.e., with no surface loadings) based on
Donnell’s approximations,® which, according to Gol’denveizer,®
defines the state of stress with large indices of variation and
nondegenerate edge effects, is constructed such that the total
values of moments in the shell are directly obtained from the
solution of the homogeneous moment problem, whereas the
total values of forces and displacement components are given
by: Th =14 T, Te = T® + Tom, S =28+ Sm;u =
U A Umy 0 = O F Uy w = W+ Wy

2. Governing Equations

The governing equations of the homogeneous moment prob-
lem of the cylindrical shells of short length based on the
Donnell’s approximations for the stress function ® and nor-
mal displacement component w,, are given by?!#8:

AAD + (RoEh/p)(@%wn/0{?) = 0

AAw, — [12R,(1 — v?)/(ER3-p)](2%®/d¢%) = 0 ®
which are brought to a single equation for ¥s:
ALY + (iu¥/p)@¥F/0¢?) =0 @)
such that
& = Re(¥), wn = —(u¥/RERIm(Y) &)

3. Solution

The solution of the Eq. (2) for the simply supported
boundary conditions at { = 0 and { = L/R, is given by

§ - ; Pu(n) sin(nd) @)

Then, from Eq. (2) the Normalform of Frobenius for ¥, is
obtained in the form?:
(D F® + n(=202- ) T0® +

(bt — topan¥/p) ¥ = 0 (B)

For a class of regular and symmetrical profiles for which
Ry # 0 and 5 « it has been derived® that

p= 3 @y, |nf <m;
£=0,2,4 ’

(6

— = ae-n®, ) <me < m
p k=024

where coefficients @, and ax are to be determined for each
profile, @ = a, = 1. Then, about the regular point n = 0
Eq. (5) has 4linearly independent analytic particular solutions
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of the form?:
Yn = 9" Z gkr'nk = Z ng'nk+r! I"TI < N (7)
k=0 k=0

where index %’ and complex coefficients §. are unknown, 5,
is the radius of convergence of these series. Putting Eqgs.
(6) and (7) in Eq. (5), and then equating the coefficients of
7* to zero, it is found that for §o. # 0 the roots of the indicial
equation: r(r — )(r — 2)(r — 3) = Oarer = 0, 1,2,3 and
all coefficients §iw-(k = 2,4,6, . . . ) are recurrently expressed
through o 5 0 for r = 0,1,2,3. Then, the general solution

of Eq. (5) is given by*:

3
¥, = Z[(C(2r+l)n + i0(2r+2)n) X
r=0
( Z gt 4 Z gkr.nk+r>]’

k=0,2,4 k=4,68

7] <m0 (8)

where C(.45)n are 8 constants of integration to be determined
from the boundary conditions along straight edges, gs* =
Re(Gr), gor = Im(Grr). Finally, from Egs. (3) and (4) one
obtains

@ 3
¢ = Z [ Z C(2r+1)n : an* - C(2r+2)n * an)] * Sin()\nf)
9)

- (.~ i 3 i
= (Rth) El I:T;) (C(2T+l)n Yo+
Ceartan: Ym*):l-sin(kn()
where

k_;ﬁsﬁkwn"*', [7] < mo

an* = Z gkr*'nk+r; an =
£=0,2,4

Then, all forces Tim, Tom, Sw are directly determined by

differentiating ®, while all moments My, M», H and ©,Q: by

differentiating w,. Using Hooke’s law, u,, and V., are de-

termined.

4, Numerical Example

An open cylindrical shell with its profile in the form of a
Cycloid, which is simply supported at its curvilinear ends
¢ = 0and { = L/R, and free of forces along straight edges
n = 0.5, has the following data: R = R, cos¢, By = 10
mp= (11— =1 L=>5rm,l=09566llmd=
1.25 m, (Fig. 1), A = 0.06 m, » = 0, \; = 2. For the simply
supported boundary conditions at ¢ = 0 and ¢ = L/R, the
membrane solution of the cycloidal cylindrical shell under
constant loading ¢ = 0.26 t/m? =~ (4¢/7) sin(Ag) is ac-

cepted as the particular solution and then the solution (4)

for the cycloidal cylindrical shell is given by ¥ = ¥.(n)-
sin(Af). As the problem is a symmetrical one, only two
series Y1, for r = 0 and r = 2 are calculated. Finally, the
calculated values of forces and moments are compared with
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Fig. 2 Maximum values of normal force T, (tons/meter).
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Fig. 3 Maximum values of bending moment M; (ton
meter/meter).

those in the circular eylindrical shell having the same con-
trolling parameters and boundary conditions. Only the most
interesting curves representing the maximum values of T'; and
M in both the shells are shown here in Fig. 2 and Fig,. 3.

5. Conclusions

The nature and character of distribution of the internal
forces in both the shells must be identical, but their numerical
values should negligibly differ from each other, as both the
shells have identical controlling parameters and boundary
conditions, and their profiles negligibly differ from each other.
Comparison of the numerical results obtained has con-
vineingly proved this inference, and thereby, conclusively
established the correctness of the general method of analysis
developed in the paper. In Fig. 3 it is interesting to observe
that the curve of M, for cycloidal shell are throughout in-
terior to these curve for circular shell, whereas the cycloidal
arc is throughout exterior to the circular arc (Fig. 1).
From these interesting results one may be tempted to conclude
that open cylindrical shells with profiles having increasing
curvature will be more economical than open eircular cylin-
drical shells. But further investigations are essential, and
may produce very interesting results of practical importance.

In the analysis of open noncircular cylindrical shells the
governing equation (2) in complex form is recommended for
use, as much less computer time will be involved than that
required for Egs. (1) in real form. The convergence
of the power series of the solution is governed by the con-
vergence of the series for 1/p. Upper bounds of the trunca-
tion error of these power series of solution can be construected
with the help of majoring series. The solution obtained is
very much suitable and convenient for computer and conse-
quently, can find easy practical application.
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